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Abstract. The fate of classical information incident on a quantum black hole has
been the subject of an ongoing controversy in theoretical physics, because a calculation
within the framework of semi-classical curved-space quantum field theory appears to
show that the incident information is irretrievably lost, in contradiction to time-
honored principles such as time-reversibility and unitarity. Here, we show within
this framework embedded in quantum communication theory that signaling from
past to future null infinity in the presence of a Schwarzschild black hole can occur
with arbitrary accuracy, and thus that classical information is not lost in black hole
dynamics. The calculation relies on a treatment that is manifestly unitary from the
outset, where probability conservation is guaranteed because black holes stimulate the
emission of radiation in response to infalling matter. This stimulated radiation is non-
thermal and contains all of the information about the infalling matter, while Hawking
radiation contains none of it.
PACS numbers: 04.70Dy,03.67-a,03.65.Ud
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1. Introduction
Black hole evaporation poses a serious challenge to theoretical physics because it is
a problem at the intersection of general relativity and quantum mechanics, precisely
where our understanding is the weakest. From the moment Hawking discovered the
eponymous radiation effect [1], many researchers have concluded that black holes
introduce an intrinsic irreversibility into the laws of physics, together with an intrinsic
unpredictability [2]. The reasons for such a radical departure from conventional physics
at first seem incontrovertible. Because the only identifiers (quantum numbers) of a black
hole that can be measured are its mass, charge, and angular momentum, information
that distinguishes an individual particle but is not encoded in these quantum numbers
would be lost after the particle disappeared behind the horizon, making the dynamics
strictly irreversible [3]. This implies that, from the point of view of communication
theory, signaling between a sender that encodes information into a beam of particles
aimed at the horizon, for example, and a receiver at rest outside the horizon at future
null infinity, would be fundamentally impossible.
If information is trapped within a black hole, we are faced with another paradox,
known as the coherence problem [4]. Hawking radiation, while reducing the mass of the
black hole, results in a highly entangled quantum state whose support is the joint Hilbert
space spanned by the horizon and future null infinity. While this state can be pure, the
quantum state at future null infinity (averaged over the horizon) is naturally mixed.
If black hole evaporation ultimately results in the disappearance of the horizon, what
happens to the quantum state at this point? Does it remain mixed, or does it magically
return to a pure state on future null infinity? Standard arguments suggest that the
latter cannot happen if information remains trapped behind the horizon, because black
holes just before complete evaporation would be too small to encode all of it. And even
if they could, this much entropy could not be radiated away instantly (see, e.g., the
discussion in [5]).
Technically speaking, the coherence problem is different from the information
paradox because the former addresses the quantum state after black hole evaporation,
while the information paradox concerns the possibility of signaling in the presence of a
horizon. The two problems are intimately related, and often conflated so that a reference
to the “information paradox” may indicate either of these two problems. (They should
perhaps more accurately be discussed as the “classical information paradox” and the
“quantum information paradox”, respectively.) Here, we directly address the classical
information paradox from the point of view of quantum communication theory. We
show that the information transmission capacity for late-time particles sent into the
black hole is non-zero, and that therefore classical signal states can be decoded with
arbitrary accuracy by an observer suspended at future null infinity outside the black
hole horizon.
We derive the black hole channel capacity (for classical information transmission)
within standard curved-space quantum field theory, that is, in the semiclassical
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approximation where the back-reaction of the quantum dynamics on the metric field
is ignored. Signaling is made possible by the stimulated emission of radiation that
must accompany absorption. The well known spontaneous emission (Hawking radiation)
turns out to provide the noise of the black hole channel, noise from which no information
can be extracted. In the following, we first calculate the joint quantum state of black hole
and radiation when early-time particles accrete during the formation of the black hole,
and use standard quantum channel theory (see, e.g., [6, 7]) to calculate the capacity of
that channel. This capacity will turn out to be exactly equivalent to the capacity of the
recently considered “Unruh” channel [8] that considers communication between inertial
signalers and accelerated observers. We then obtain the final state of late-time accreting
particles (those sent into a black hole for the purpose of signaling), and calculate the
capacity of this channel. Using a formalism developed by Sorkin [9], we can write down
an S-matrix that allows for the interaction of particles with the black hole with arbitrary
absorption probability, and reproduces the known grey-body factors. The capacity we
derive for black holes with arbitrary reflectivity will turn out to be positive for all black
holes with positive mass. In the limit of perfectly absorbing black holes (no reflection)
the late-time capacity turns out to be formally identical to the early-time capacity,
except for a renormalization of the parameter that describes the level of noise in the
channel.
2. Formalism
In units where h¯ = c = G = k = 1, a Schwarzschild black hole in Einstein gravity
has an entropy given by SBH = 4piM
2, where M is the mass of the black hole, and
a temperature T = (8piM)−1, the Hawking temperature. Black holes are formed in
stellar collapse of stars of sufficient mass, and can subsequently accrete particles (see
Fig. 1a). Through the process of virtual pair formation near the event horizon (e.g.,
pair P in Fig. 1a), with one of the pair’s particles disappearing behind the event horizon
and the other going off to future null infinity (I + in Fig. 1), a black hole loses mass by
providing it to the virtual pair, which, in turn, goes on mass shell. The problem of loss of
predictability is easily seen in Fig. 1a, where different trajectories of particles accreting
onto the black hole are outlined, and arbitrarily labelled. If the identity of these labels is
lost behind the horizon, we are faced with a many-to-one mapping and concurrent loss
of predictability (even if this information is released at a later time) because the future
state of the universe cannot be ascertained given the labels of the accreting particles.
If the labels are destroyed in the singularity, then we would be forced to assume that,
to make matters worse, the laws of physics allow non-unitary, and thus by extension
probability non-conserving, dynamics.
To introduce our notation, we begin by recapitulating the standard quantum theory
of complex scalar fields in a gravitational background due to Hawking [1]. The presence
of a black hole’s event horizon introduces a complication to quantum field theory not
encountered in flat-space: different vacuum states can be defined that are inequivalent
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Figure 1. (a) Penrose diagram of the spacetime of a black hole, with accretion of
arbitrarily labelled particles from past null infinity (I  ). Once the particles cross the
event horizon into region II, they are indistinguishable (leading to a loss of information)
unless they leave a signature outside (in region I) via stimulated emission (labelled
↵0, 0,  0). (b) Modes a, b, c and A are concentrated in a region of null infinity indicated
by the letter (note that a and b actually overlap on I  ).
Bk = e
 iHbkeiH = ↵kbk    ka† k . (2)
where a†k creates a particle of mode k while a k annihilates an antiparticle of the same
mode. The transformation provides a mapping from the trivial Boulware “in”-vacuum
|0iin = |0ia|0ib (the Boulware vacuum equals the standard Minkowski vacuum far from
the black hole) to the Unruh “out”-vacuum |0iout, using an S-matrix U = e iH [7]
|0iout = e iH |0iin , (3)
with
H =
1X
k= 1
Hk =
1X
k= 1
igk(a
†
kb
†
 k   akb k) . (4)
The coe cients ↵k and  k are obtained in terms of gk using the Baker-Campbell-
Hausdor↵ theorem as
↵2k = cosh
2 gk , (5)
 2k = sinh
2 gk . (6)
with ↵2k    2k = 1. Standard arguments [1] enforcing analyticity on the solution to the
free-field equations give
↵2k = e
!/T 2k , (7)
as usual, where ! = |k| is the frequency of mode k and T is the black hole temperature.
Capacity of black hole channel 3
is ignored. Signaling is made possible by the stimulated emission of radiation that
must accompany absorption. The well known spontaneous emission (Hawking radiation)
turns out to provide the noise of the black hole channel, noise from which no information
can be extracted. In the following, we first calculate the joint quantum state of black
hole and radiation when early-time particles accrete during the formation of the black
hole, and use standard quantum channel theory (see, e.g., [4]) to calculate the capacity
of that channel. This capacity will turn out to be exactly equivalent to the capacity
of the recently considered “Unruh” channel [5]. We then obtain the final state of late-
time accreting particles (those sent into a black hole for the purpose of signaling),
and calculate the capacity of this channel. This capacity will, in the limit of perfect
absorption, turn out to be formally identical to the early-time capacity, except for a
renormalization of the parameter that describes the level of noise in the channel.
2. Formalism
In units where h¯ = c = G = k = 1, a non-charged, non-rotating black hole has
an entropy given by SBH = 4⇡M
2, where M is the mass of the black hole, and a
temperature T = (8⇡M) 1, the Hawking temperature. Black holes are formed in stellar
collapse of stars of su cient mass, and can subsequently accrete particles (see Fig. 1a).
Through the process of virtual pair formation near the event horizon, with one of the
pair’s particles disappearing behind the event horizon and the other going o↵ to future
infinity (the time-slice I + in Fig. 1), a black hole loses mass by providing it to the
virtual pair, which, in turn, goes on mass shell. The problem of loss of predictability
is easily seen in Fig. 1a, where di↵erent trajectories of particles accreting onto the
black hole are outlined, and arbitrarily labelled. If the identity of these labels is lost
behind the horizon, we are faced with a many-to-one mapping and concurrent loss of
predictability (even if this informatio is released at a later time) because the future
state of the black hole cannot be ascertained given the labels of the accreting particles.
If the labels are destroyed in the singularity, then we would be forced to assume that,
to make matters worse, the laws of physics allow non-unitary, and thus by extension
probability non-conserving, dynamics.
To introduce our notation, we begin by recapitulating the standard quantum theory
of complex scalar fields in a gravitational background due to Hawking [1]. The presence
of a black hole’s event horizon introduces a complication to quantum field theory not
encountered in flat-space: di↵erent vacuum states can be defined that are inequivalent
in terms of their particle content. The so-called Unruh vacuum is non-trivial due to
the separation of Schwarzschild space-time into two regions, generally depicted as the
“outside” and “inside” region, or region I and region II, respectively (Fig. 1). In the
standard treatment, the operators that annihilate the curved-space vacuum, Ak and Bk
(Ak annihilates the “outside” vacuum while Bk annihilates “inside”), are related to the
flat space operators ak and bk by a Bogoliubov transformation [6], so
Ak = e
 iHakeiH = ↵kak    kb† k , (1)
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In units where h¯ = c = G = k = 1, a non-charged, non-rotating black hole has
an entropy given by SBH = 4⇡M
2, where M is the mass of the black hole, and a
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collapse of stars of su cient mass, and can subsequently accrete particles (see Fig. 1a).
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infinity (the time-slice I + in Fig. 1), a black hole loses mass by providing it to the
virtual pair, which, in turn, goes on mass shell. The problem of loss of predictability
is easily seen in Fig. 1a, where di↵erent trajectories of particles accreting onto the
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behind the horizon, we are faced with a many-to-one mapping and concurrent loss of
predictability (even if this information is released at a later time) because the future
state of the black hole cannot be ascertained given the labels of the accreting particles.
If the labels are destroyed in the singularity, then we would be forced to assume that,
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of a black hole’s event horizon introduces a complication to quantum field theory not
encountered in flat-space: di↵erent vacuum states can be defined that are inequivalent
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“outside” and “inside” region, or region I and region II, respectively (Fig. 1). In the
standard treatment, the operators that annihilate the curved-space vacuum, Ak and Bk
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flat space operators ak and bk by a Bogoliubov transformation [6], so
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Figure 1. (a) Penrose diagram of the spacetime of a black hole, with accretion of
arbitrarily labelled particles from past null infi ity (I  ). Once the rticles cross the
event horizon into region II, they are indistinguishable (leading to a loss of inf rmation)
unless they leave a signature outside (in region I) via stimulated emission (labelled
↵0, 0,  0). (b) Modes a, b, c and A are concentrat d i a region of null infinity indicat d
by the letter (note that a and b actually overlap on I  ).
Bk = e
 iHbkeiH = ↵kbk    ka† k . (2)
where a†k creates a particle of mode k while a k annihilates a antiparticle of the same
mode. The transformation provides a mapping from the trivial Boulware “in”-vacuum
|0iin = |0ia|0ib (the Boulware vacuum equals the standard Minkowski vacuum far from
the black hole) to the Unruh “out”-vacuum |0iout, using n S-matrix U = e iH [7]
|0iout = e iH |0iin , (3)
with
H =
1X
k= 1
Hk =
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k= 1
igk(a
†
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†
 k   akb k) . (4)
The coe cients ↵k and  k are obt ined in terms f gk using the Baker-Campbell-
Hausdor↵ theorem as
↵2k = cosh
2 gk , (5)
 2k = sinh
2 gk . (6)
with ↵2k    2k = 1. Standard arguments [1] enforcing analyticity on the solution to the
free-field equations give
↵2k = e
!/T 2k , (7)
as usual, where ! = |k| is the frequency of mode k and T is the black hole temperature.
Figure 1. (a) Penrose diagram of the spacetime of a black hole, with accretion of
arbitrarily labelled particles 1,2,3, from past null infinity (I −). Once the particles
cross the event horizon into region II, they are indistinguishable (leading to a loss of
information) unless they leave a signature outside (in region I) via stimulated emission
(labelled 1′, 2′, 3′). (b) Modes a, b, and A a e conce trated in a region of null infi ity
indicated by the letter (note that a and b actually overlap on I −).
in terms of their particle content. The s -calle Unruh vacuum is non-trivial due to
the separation of Schwarzschild space-time into two regions, generally depicted as the
“outside” and “inside” region, or region I and region II, respectively (Fig. 1). In the
standard treatment, the operators that annihil te the curved-space vacuum, Ak and Bk
(Ak annihilates the “outside” vacuum while Bk annihilat s“inside”), are related to the
flat space operators ak and bk by a Bogoliubov transformation [10], so
Ak = e
−iHakeiH = αkak − βkb†−k , (1)
Bk = e
−iHbkeiH = αkbk − βka†−k . (2)
where a†k creates a particle of mode k while a−k annihilates an antiparticle of the same
mode. The transformation provides a mapping from the trivial Boulware “in”-vacuum
|0〉in = |0〉a|0〉b (the Boulware vacuum equals the standard Minkowski vacuum far from
the black hole) to the Unruh “out”-vacuum |0〉out, using an S-matrix U = e−iH [11]
|0〉out = e−iH |0〉in , (3)
with
H =
∞∑
k=−∞
Hk =
∞∑
k=−∞
igk(a
†
kb
†
−k − akb−k) . (4)
The coefficients αk and βk are obtained in terms of gk using the Baker-Campbell-
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Hausdorff theorem as
α2k = cosh
2 gk , (5)
β2k = sinh
2 gk . (6)
with α2k − β2k = 1. Standard arguments [1] enforcing analyticity on the solution to the
free-field equations give
α2k = e
ω/Tβ2k , (7)
as usual, where ω = |k| is the frequency of mode k and T is the black hole temperature.
Let us study the vacuum state in more detail, in preparation for the calculations
to follow. Using (4), we can write
|0〉out =
∞∏
k=−∞
egk(a
†
k
b†−k−akb−k)|0〉in . (8)
Each factor (for each mode), can be rewritten using the disentangling theorem for
SU(1,1) (see, e.g., the Appendix in [12])
egk(a
†
k
b†−k−akb−k) = eGa
†
k
b†−keF (a
†
k
ak+b−kb
†
−k)e−Gakb−k , (9)
where
G = tanh gk =
βk√
1 + β2k
, (10)
F = − ln cosh gk = ln 1
αk
, (11)
so that (for |0〉in = |0〉a|0〉b)
|0〉out =
∏
k
1
cosh2 gk
∑
nk,n
′
k
e−(nk+n
′
k)ω/2T |nk, n′−k〉a|n′k, n−k〉b
(12)
where |nk〉 is an n-particle state and |n−k〉 a state with n antiparticles. We can then
calculate the density matrix of the outgoing radiation by tracing over sector II:
ρI = TrII|0〉out〈0| =
∏
k
ρk ⊗ ρ−k (13)
where
ρk =
1
1 + β2k
∞∑
n=0
(
β2k
1 + β2k
)n
|nk〉〈nk|
= (1− e−ω/T )
∞∑
nk=0
e−nkω/T |nk〉〈nk|
(14)
and similarly for ρ−k, the density matrix for antiparticles. These are the standard
density matrices for spontaneous emission of radiation from a black hole [13, 14]. The
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mean number of particles emitted in region I (mode a) is also easily calculated from (1)
and (3) as
〈NI〉 =
∞∑
k=−∞
out〈0|a†kak|0〉out =
∞∑
k=−∞
β2k , (15)
which is the famous Planck distribution of Hawking radiation:
β2k =
e−ω/T
1− e−ω/T . (16)
From (14) we can calculate the von Neumann entropy of frequency mode k of the inside
or outside region as
S(ρk) = −Tr ρk log ρk = ω/T
eω/T − 1 + log(1− e
−ω/T ) . (17)
This entropy is perfectly thermal, which implies that it does not depend on the
distribution of matter that formed the black hole.
3. Stimulated Emission
If matter is incident on the black hole during its formation (as is inevitably the case),
what is its fate? Here we show (in accordance with previous work [9, 14–20]), that the
black hole stimulates emission of radiation in the same mode as it entered (except for a
redshift that we do not consider here, but discuss further below).
Let us consider a single mode k, with m particles incident in region I, just outside
the black hole horizon (we treat the case of particles traveling just inside the horizon,
that is, b modes, later). Then (we now use |ψ〉out to denote the outgoing state)
|ψ〉out = e−iHk |m〉a|0〉b , (18)
and the density matrix in sector I becomes, using (4) and the disentangling theorem
just as before
ρI = TrII |ψ〉out〈ψ| = ρk|m ⊗ ρ−k|0 . (19)
Here, ρ−k|0 is the density matrix of antiparticles given that no antiparticle was incident
in mode k, and ρk|m is the density matrix of mode k given that m particles were incident
in that mode:
ρk|m =
1
(1 + β2k)
m+1
×
∞∑
n=0
(
β2k
1 + β2k
)n (
m+ n
n
)
|m+ n〉〈m+ n| ,
(20)
which can be rewritten as
ρk|m =
∞∑
n=0
p(n|m)|n〉〈n| (21)
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with the conditional probability
p(n|m) = 1
(1 + β2k)
m+1
(
β2k
1 + β2k
)n (
m+ n
n
)
. (22)
As the density matrix of modes k′ 6= k for which there is no incident particle factorizes,
we from now on focus only on the incident mode and omit the label k for clarity.
Writing z = β2/(1 + β2) = e−ω/T , the conditional probability to observe n particles
(both spontaneous and stimulated) in region I given that m particles where absorbed
in region II during the formation of the black hole is
p(n|m) = (1− z)m+1zn
(
m+ n
m
)
. (23)
As a consequence, the mean number of particles emitted into region I is
〈NI〉 = out〈ψ|a†kak|ψ〉out = a,b〈m, 0|α2a†kak + β2b−kb†−k|m, 0〉a,b
= (1 + β2)m+ β2 , (24)
that is, the m incident particles have stimulated the emission of (1+β2)m such particles
outside of the horizon in region I (in agreement with previous work [9,18,20]). Note that
as β2m anti-particles are stimulated behind the horizon in region II, particle number is
conserved. We should also point out that because the incident particle carries energy
and momentum, the black hole does not have to donate mass in order to allow the
emission of stimulated pairs, as it does for virtual pairs.
Do the particles stimulated in region I carry the information that was inherent in
the particles that were absorbed during the formation of the black hole? To study this
question, we have to turn to quantum information theory [6, 7, 21, 22], the theory that
deals with the transmission of information through quantum channels. Here, we are
interested in the classical information encoded in the m incident particles. The capacity
of quantum channels to transmit classical information is known as the “Holevo capacity”
in the literature [23], which we briefly review here.
Let us imagine that the particles incident on the horizon in the formation of the
black hole (so-called “early-time” modes) had been “prepared”, that is, a copy of those
states had been retained. As we are considering the fate of classical information here,
this is always possible. We can imagine that information is encoded in such states
via a so-called “dual-rail” encoding, where a logical “0” is encoded by sending a single
particle, and a logical “1” is encoded by sending a single anti-particle (there are other
ways to encode information in particle states, but our conclusions do not dependent on
the encoding, only the rate of information transfer will). The question now is whether an
observer at late-time, measuring particles and anti-particles in region I, can determine
a message encoded by the preparer. This question is answered in the affirmative if
the Holevo capacity of the channel is non-vanishing. Note that it is not necessary
for information preservation that a detector can unambiguously identify a logical zero
from a logical one. Indeed, in noisy channels signals can easily be confused. But the
classical theory of information has taught us that information can be perfectly preserved
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using standard methods of error correction, as long as the capacity of the channel is
positive [24]. Of course, error correction is necessary to protect messages from noise,
which entails encoding the information into codewords that are typically longer then the
encoded message. If a message of n bits is encoded into n+m bits that are sent through
the channel and n bits are perfectly retrieved, have we not lost m bits of information
anyway? The answer is no: these m “lost bits” are not information, they are entropy.
Losing entropy does not violate any laws of physics because entropy cannot be used
for signaling. Thus, information transmission is really an “all-or-nothing” case: if the
capacity vanishes, then no amount of error correction could possibly save the message.
If the capacity is non-zero, then all of the information can be recovered in principle (but
it may be less than the maximum in practice, unless error correcting codes appropriate
to the noise level are used).
Classical information is preserved in the formation of the black hole if the message
encoded by the preparer (and sent into the forming black hole at early time) can be
decoded by an observer in region I outside of the black hole horizon, at late time. The
information shared between the preparer X and the radiation field outside the black
hole is the mutual entropy between them:
H(X : I) = S(ρ I) + S(ρX)− S(ρ I,X) , (25)
where S(ρI) is the von Neumann entropy in region I, S(ρX) is the von Neumann entropy
of the preparer, and S(ρ I,X) is the joint von Neumann entropy between the preparer and
the radiation field. We remark that if we found the radiation field outside of the horizon
at late time independent from the preparer, the shared entropy (25) would vanish, and
the preparer’s information would be irretrievably lost. The capacity of the channel χ
is the maximum of the shared entropy over the probability distribution of the signal
states [23]:
χ = max
p
H(X : I) . (26)
The preparer’s entropy is easily calculated. Let us assume she uses state ‘0’ with
probability p and state ‘1’ with probability 1− p. Then
S(ρX) = −p log p− (1− p) log(1− p) ≡ H[p] . (27)
The preparer’s entropy is nothing but the entropy of the signal, and this is maximized
at one bit for p = 1/2.
The density matrix in region I, ρI, is a probabilistic mixture of the density matrix
that arises if a logical ‘0’ or a ‘1’ was sent. If X intends to send a ‘0’, she sends a single
particle into the forming black hole, giving rise to the matrix in region I
ρI(0) = ρk|1 ⊗ ρ−k|0 , (28)
while if she encodes a ‘1’, she sends an anti-particle, which leads to
ρI(1) = ρk|0 ⊗ ρ−k|1 . (29)
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Thus, in response to the preparer’s actions the density matrix in region I at late times
is
ρI(p) = pρI(1) + (1− p)ρI(0) . (30)
The joint density matrix ρ I,X of preparer and region I is block-diagonal
ρ I,X =
1∑
i=0
p(i)ρI(i)|i〉〈i| , (31)
where |i〉 are the preparer’s basis states.
We can now calculate the entropies in Eq. (25). Owing to the block-diagonal nature
of (31), the entropy of the joint system (preparer and region I) is easily calculated as
S(ρ I,X) = H[p] +
∑
i
p(i)S(ρI(i)) . (32)
Now, because the particle and anti-particle density matrices factorize, we have
S(ρI(0)) = S(ρk|1) + S(ρ−k|0) ,
S(ρI(1)) = S(ρk|0) + S(ρ−k|1) . (33)
Particle and anti-particle entropies are identical here: S(ρk|1) = S(ρ−k|1) and S(ρk|0) =
S(ρ−k|0). Using (21) and (23), we find
S(ρk|0) = − log(1− z)− z
1− z log z , (34)
S(ρk|1) = − 2 log(1− z)− 2z
1− z log z − (1− z)
2∆ , (35)
where
∆ =
∞∑
m=0
zm(m+ 1) log(m+ 1) . (36)
As a consequence
S(ρ I,X) = H[p]− 3 log(1− z)− 3z
1− z log z − (1− z)
2∆ .
(37)
To calculate (25), we still need to calculate the entropy of the mixed density matrix
(30), which depends on p. Because the density matrix
ρI(p) = (1− z)3 × (38)
∞∑
m,m′=0
zm+m
′−1(pm′ + (1− p)m)|mm′〉〈mm′|
is symmetric under the replacement p → 1 − p, the mutual entropy (25) is maximized
at p = 1/2, and it is sufficient to calculate this case. We find
S(ρI(1/2)) = 1− 3
(
log(1− z) + z
1− z log z
)
− 1
2
(1− z)3
∞∑
m=0
zm(m+ 1)(m+ 2) log(m+ 1) . (39)
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Collecting terms, we obtain the capacity
χ = 1− 1
2
(1− z)3
∞∑
m=0
zm(m+ 1)(m+ 2) log(m+ 1)
+ (1− z)2
∞∑
m=0
zm(m+ 1) log(m+ 1) , (40)
shown in Fig. 2. Note that this capacity is formally identical to the recently
calculated Holevo capacity of the Unruh channel [8], which describes the rate of
information transmission between a stationary Minkowski signaler and a uniformly
accelerated observer, except that in that case the surface gravity κ is replaced by
the proper acceleration r in the definition of the temperature. This identity is of
course not surprising, given the close relationship between Unruh radiation and Hawking
radiation [10].
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Figure 2. The Holevo capacity of the information transmission channel for early-
time particles that propagate just outside the horizon of the forming black hole, as
a function of z = e−ω/T . The capacity to transmit information behind the horizon,
using the “mirror” mode b propagating just inside the horizon, is the same.
Fig. 2 indicates that at z = 0 (T → 0), information can be retrieved at the rate that
it is produced. For example, if information is sent into the channel at 1bit/s, information
can be retrieved at that rate. At z = e−ω/T = 0.5 , the capacity has dropped to about
0.56, which indicates that the rate at which information can be retrieved with perfect
accuracy has dropped to 0.56 bits/s (not, as is sometimes remarked, that only 56% of
the information can be retrieved). In other words, at z = 0.5 it will take at least 1/0.56
seconds to retrieve one bit. This slowdown is due to the necessary error-correcting
encoding of the signal stream that renders communication in noisy channels possible.
As is clear from Fig. 2, perfect information transmission is possible even in the limit
z = 1, that is, T → ∞. Note that had we used Hawking’s result Eq. (13) to calculate
the capacity, χ = 0 exactly.
Capacity of black hole channel 11
In the present calculation, we have ignored any red-shift factors that must
accompany the evolution of particles towards future null infinity. This can often be done
within an information-theoretic treatment because each frequency mode k is shifted in
a unique way (if the interactions do not mix modes, as in this 1+1-dimensional model).
From a practical point of view, the observer at future null infinity simply should adjust
his detector to account for the frequency shift. The treatment of stimulated emission
including the red shift is straightforward, but more cumbersome [15, 16, 18, 20]. Note
that the redshift reduces the capacity of the channel further because the (exponentially)
decreased frequency of the signal slows down the rate at which particles can be recorded.
However, as long as the capacity is finite and the signal not infinitely redshifted, perfect
information transmission is still possible.
We could have equally well calculated the capacity of information transmission
from the outside to the inside of the black hole, using the particles traveling just inside
the event horizon of the forming black hole (modes b in Fig. 1b). Indeed, at past null
infinity the b modes and the a modes overlap. Particles traveling just inside the event
horizon stimulate the emission of anti-particles in region I [18,20,25], and because of the
dual-rail encoding the capacity is the same: we can decode the signal simply by flipping
all the zeros into ones. Thus, observers both inside and outside the black hole horizon
can in principle decode Alice’s message with perfect accuracy.
Still, the present treatment is unsatisfactory because it does not deal with the
absorption and reflection of particles (that is, with grey-body factors), which are
important when studying signaling in the presence of an already-formed black hole.
Indeed, it is clear that in the formalism we just described, matter does not interact with
(is scattered by) the black hole: particles that travel just inside the event horizon (the
b-modes) remain there, while particles just outside the horizon (the a-modes) remain
outside. Indeed, within the standard semi-classical approach an S-matrix for matter
interacting with a black hole has not yet been found (but candidate interactions exist
in black hole descriptions based on string theory, see, e.g., [26]).
We can extend the treatment of this section to create an effective S-matrix that
correctly describes the absorption, reflection, and stimulated emission of late-time
modes, that is, particles that interact with the black hole after its formation, using a
trick due to Sorkin [9]. In this formalism, we can directly study the fate of information
that is incident on a static black hole.
4. Stimulated emission from late-time modes
As we have just seen, stimulated emission due to particles present just before formation
of the black hole (early-time modes) implies that the information that gave rise to the
black hole is not lost in principle, but within this formalism we cannot follow the fate
of information incident on the black hole after its formation, by late-time modes. To
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describe such modes, we follow Sorkin [9]. Late-time modes (which we denote by c)‡
are exponentially blue-shifted with respect to the early-time modes a and b that are
the positive and negative-frequency parts of matter and radiation that propagate just
outside and just inside the horizon introduced earlier. Because of this strong blue-
shift, a and b modes are unexcited in the quantum field corresponding to the late-time
modes, and therefore the support of the fields φa, φb, and φc is for all practical purposes
disjoint [9]. As a consequence, the creation and annihilation operators associated with
mode c commute with those of a and b. These modes are indicated schematically in
Fig. 1b.
The Bogoliubov transformation connecting the outgoing mode Ak to ak and the
late-time mode ck can be taken as [9]:
Ak = e
−iHakeiH = αak − βb†−k + γck , (41)
with α2 − β2 + γ2 = 1 due to unitarity.
It is possible to amend the Hermitean operator H that implemented the Bogoliubov
transformation (1-2) to give rise to (41):
H =
∞∑
k=−∞
igk(a
†
kb
†
−k − akb−k) + ig′k(a†kck − akc†k) . (42)
While the standard term Eq. (4) describes the entanglement between modes across the
event horizon, the extra term describes scattering of late-time modes ck by the static
black hole horizon, with an interaction strength g′k. Such an interaction is entirely
natural within quantum field theory and is completely analogous to Hamiltonians used
in quantum optics to describe transformations in linear optics [27]. In fact, the first
term (42) corresponds to the Hamiltonian of an active optical element leading to state
squeezing with strength gk, while the second one describes a passive element: a simple
beam splitter with interaction strength g′k. We will discuss the magnitude of this
coupling constant in relation to gk below.
Using (42) in (41), the Bogoliubov coefficients α, β, and γ can be expressed in
terms of gk and g
′
k as
α2 = cos2(g′kw) , (43)
β2 = (
gk
g′k
)2
sin2(g′kw)
w2
, (44)
γ2 =
sin2(g′kw)
w2
, (45)
where w2 = 1− (gk/g′k)2.
We can now calculate the reduced (marginal) density matrix of outgoing radiation
in region I when no particles are incident (notation k|0) just as before, that is, construct
(we focus on a single mode k again, and denote the outgoing state with |0〉out )
|0〉out = e−iHk |0〉a|0〉b|0〉c , (46)
‡ Note that we have changed the nomenclature of Sorkin, in order to keep with our previous definition
of a and b modes.
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and calculate the density matrix
ρI = TrII |0〉out〈0| (47)
by tracing the full density matrix over region II (containing both modes b and c). As in
the previous cases, the anti-particle density matrix ρ−k|0 factorizes, and we find
ρk|0 =
1
1 + β2
∞∑
n=0
(
β2
1 + β2
)n
|n〉〈n| . (48)
This expression when written in terms of β2 is formally identical to expression (14),
except that now
β2 =
Γ
eω/T − 1 , (49)
where Γ is the absorptivity of the black hole, with Γ = 1 − γ2. Thus, (48) is just the
standard density matrix of spontaneous emission including grey-body factors. It reduces
to (14) in the limit Γ→ 1.
Using the aforementioned expression for β2 along with the relation β2 = e−ω/Tα2
(which is due to the standard analyticity argument for the solution to the field equations
that carries through as before) we also identify
α2 =
Γ
1− e−ω/T , (50)
owing to α2 − β2 + γ2 = 1.
Consider now the outgoing state |ψ〉out when m late-time particles are incoming
(all in the same mode k), constructed as before via
|ψ〉out = e−iHk |m〉in , (51)
with Hk from (42) and where |m〉in = |0〉a|0〉b|m〉c, i.e., the state with m incoming
particles in mode c on I −. From Eq. (41), we immediately obtain the number of
particles emitted into mode a if m were incident in mode c, since
out〈ψ|a†kak|ψ〉out = γ2m+ β2 . (52)
This shows that, in addition to the standard spontaneous emission term β2, detectors
at future null infinity record γ2m particles. The latter comprise two contributions:
(1−α2)m due to elastic scattering with a quantum absorption probability α2, and β2m
particles due to stimulated emission, as before in Eq. (24). Just as in the early-time
case, particle number is conserved overall, and stimulated emission does not cost the
black hole any additional energy.
The density matrix of outgoing radiation in region I when m particles are
incident (notation k|m) can be calculated from |ψ〉out〈ψ| by repeated application of the
disentangling theorems for SU(2) and SU(1,1), and tracing over the degrees of freedom
of region II (modes b and c). When no antiparticles are sent in, the antiparticle part of
the density matrix factorizes again and we can write ρI = ρk|m ⊗ ρ−k|0 with
ρk|m =
∞∑
n=0
p(n|m)|n〉〈n| , (53)
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with
p(n|m) = Z2m
∞∑
l=0
n! l!
m!(l −m+ n)!
min(n,m)∑
k=0
(−1)k
(
m
k
)(
l −m+ n
n− k
)( γ2
α(1 + α)
)k2
×
[ β2(1 + α)2
(1 + α + β2)2
]n[ β2γ2
(1 + α + β2)2
]l
(54)
and
Z2m =
(
1 + α
1 + α + β2
)2 (
α2(1 + α)2
γ2
)m
. (55)
This expression for p(n|m), the probability to detect n outgoing particles at I + if
m were incident on the static black hole, can be rewritten using a resummation technique
described by Panangaden and Wald [16] to read
p(n|m) = Rnm
min(n,m)∑
k=0
(−1)k
(
m
k
)(
m+ n− k
n− k
)(
1− γ
2
α2β2
)k
(56)
with
Rnm =
1
1 + β2
(
β2
1 + β2
)m+n (
α2
β2
)m
, (57)
which agrees exactly with the conditional probability obtained by Bekenstein and
Meisels [14] using maximum entropy methods, and by Panangaden and Wald [16] in
quantum field theory (but using a very different method than ours).
We can use our expression for p(n|m) to put limits on the scattering strength g′k.
For example, the probability that no particle is found outside the horizon while a single
quantum is incident is given by
p(0|1) = α
2
(1 + β2)2
=
α2
(1 + α2e−ω/T )2
, (58)
which tends to the single-quantum absorption probability α2 in the zero-temperature
limit. Thus, while the parameter gk relates the mode frequency to the temperature of
the black hole, g′k in turn sets the reflectivity of the grey body via
(g′k/gk)
2 = 1 +
1− α2
α2
eω/T (59)
Because 0 ≤ p(0|1) ≤ 1 for all temperatures, we can deduce that 0 ≤ α2 ≤ 1, which
in turn implies g′k ≥ gk or else g′k = 0 [see Eq. (43)]. In other words, if there is to
be scattering from the black hole horizon, the coupling gk sets a lower bound for the
magnitude of the scattering effect. The solution g′k = 0 corresponds to the familiar
Hawking transformation (4) where Γ = α2 = 1, but in hindsight cannot account for a
thermodynamically consistent picture that includes scattering from the potential barrier
surrounding the black hole, in which Γ < 1, as pointed out by Bekenstein and Meisels [14]
(and reiterated by Bekenstein [28]).
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An interesting choice for the scattering rate is g′k = gk, that is, the magnitude
of scattering is set by the parameter gk that describes the strength of entanglement
between modes across the horizon. This limit describes perfect absorption (α2 = 1)
where we find
p(n|m) =
(
m+ n
m
)
e−nω/T
(1 + e−ω/T )n+m+1
. (60)
But even in this extreme case, the classical (effective) absorption probability Γ =
α2(1 − e−ω/T ) is strictly smaller than unity due to the stimulated emission effect, thus
allowing for the preservation of classical information.
Let us now calculate the capacity for the black hole channel when information is
sent in after the formation of the black hole, that is, via late-time modes. We illustrate
this again in the channel with “dual-rail” encoding, that is, a logical ‘0’ is encoded by
sending in a particle, while a logical ‘1’ is encoded by sending an anti-particle. The
probability to observe n particles when one particle is sent in at late-time in mode c is
[from Eq. (54) or (56)]
p(n|1) = α
2
(1 + β2)2
(
β2
1 + β2
)n
(1 + n) , (61)
which is again formally identical to the expression from early-time stimulated emission,
but there is a crucial difference. Because β2 = α2e−ω/T , the limit of perfect absorption
(α2 → 1) in terms of z = e−ω/T is
p(n|1)→ 1
(1 + z)2
(
z
1 + z
)n
(1 + n) , (62)
compared to
p(n|1) = (1− z)2zn(1 + n) (63)
in the case of early-time stimulated emission, as can be seen from Eq. (23). Thus, late-
time stimulated emission (in the perfect absorption limit) is obtained from the early-time
stimulated emission probability simply by the transformation z → z/(1+z). This result
holds generally for arbitrary m, that is, an arbitrary number of incoming particles. As
a consequence, we do not have to recalculate the capacity of the black hole channel, as
it can be obtained from Eq. (40) by replacing z with ζ = z/(1 + z). For the numerical
values of the capacity, we see that the capacity is larger than for the early-time modes,
as it reaches χ ≈ 0.6 at z = 1 (the value for z = 0.5 in the early-time channel, see
Fig. 2).
5. Discussion
When discussing the fate of classical information in black hole formation and
evaporation, authors usually take on one of several positions (see, for example, [5,29,30]):
some think information is indeed irretrievably lost, and black holes point towards new
physics that is fundamentally different from the physics we know. Others believe that
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information will ultimately leave the black hole during its evaporation, either gradually
or mostly during the last stages of a black hole’s life. Others, again, think that
information could be permanently stored either in a Planck-sized remnant, or even
a baby universe. Very few protagonists seem to have considered that information is
never lost within a black hole to begin with because a classical copy of the information
remains outside the event horizon. At first sight, such a position seems preposterous:
after all, how could one doubt that matter that interacts with a black hole will be
absorbed by it, and all of the classical and quantum numbers along with it? But
this point of view fails to make a distinction between information and the matter (or
radiation) that carries it. Information is not a quantity that is irrevocably linked to
a particle, such as spin or charge. Information can be transferred from one particle
to another, for example, it can be copied (although quantum information can only be
copied imperfectly [31, 32]). Stimulated emission of radiation is precisely the process
of copying information: one particle comes in, two leave with the same exact set of
quantum numbers. Now, because of the aforementioned no-cloning theorem, quantum
information cannot be copied perfectly, but it turns out that the spontaneous emission
of radiation (the Hawking radiation of the black hole) conveniently prevents perfect
cloning by supplying the necessary minimum amount of noise [25]. Classical information,
fortunately, can still be copied and perfectly retrieved even in the presence of Hawking
noise, via standard methods of channel coding.
It is perhaps surprising that the problem of information transmission within the
context of black holes has remained mysterious for so long, in particular given the
fact that the stimulated emission process for black holes has been discussed numerous
times [9, 14–20]. We believe that the reason that stimulated emission was not viewed
immediately as the solution to the information paradox is due to the fact the quantum
information theory, and the concomitant understanding of the fate of classical and
quantum information over quantum channels, is a relatively new addition to the canon
of physics, and in particular is not part of the standard vocabulary of workers in the
field of quantum gravity. But even the classical theory of information was not generally
used to understand the fate of information interacting with black holes. For example,
Schiffer discussed stimulated emission in the presence of black holes in 1993 [19], but
concluded that “Unfortunately this mechanism is not efficient enough to resolve the
black-hole information paradox because the thermal radiation overpowers stimulated
emission of bosons for the majority of modes.” The thermal radiation Schiffer refers to
here is of course Hawking radiation, which represents the noise inherent in the channel.
But noise cannot overpower an information signal unless the capacity of the information
transmission channel is zero. If the capacity is non-vanishing, classical information can
be perfectly retrieved as long as it is encoded within an appropriate error-correcting
code. What the calculations we present here show is that the capacity of the quantum
black hole channel to transmit classical information is decidedly non-vanishing. And
even though the phenomenon of red shift of early-time particles was not considered
when early-time accretion was considered, this red shift is only expected to lower the
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information transmission capacity, not to abolish it.
We have not here addressed the fate of quantum information that crosses the
black hole horizon, or the capacity to reconstruct the quantum states that formed the
black hole. The former (signaling with quantum states) is possible in principle, as has
been discussed for quantum communication in Rindler space [33]. A calculation of the
quantum capacity of a black hole should also shed more light on current controversies
that are centered on understanding the properties of entanglement between signalers,
observers and the black hole, black hole complementarity [34,35], and whether quantum
“firewalls” [36] are necessary to prevent a violation of the no-cloning theorem. Finally,
we may learn about the ultimate fate of the equivalence principle in the light of quantum
information.
We thus conclude that black holes are, information-theoretically speaking, fairly
ordinary black bodies that scramble the signals we may endeavor to send, but conserve
information after all. In hindsight it is perhaps ironic that Hawking radiation, which for
many years was viewed as the herald of a fundamental violation of the laws of quantum
mechanics, is instead instrumental in preserving the integrity of quantum mechanics,
because it upholds the no-cloning theorem.
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